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Abstract. The Painlevé integrability of the 2+1 dimensional AKNS system is proved. Using the stan-
dard truncated Painlevé expansion which corresponds to a special Bäcklund transformation, some special
types of the localized excitations like the solitoff solutions, multi-dromion solutions and multi-ring soliton
solutions are obtained.

PACS. 02.30.Ik Integrable systems – 02.30.Jr Partial differential equations – 05.45.Yv Solitons

1 Introduction

In (1+1)-dimensions, the AKNS (Ablowitz-Kaup-Newell-
Segur) system is one of the most important physical
models. In (2+1)-dimensions, there exist several possi-
ble integrable extensions for the AKNS system, for exam-
ple the DS (Davey-Stewartson) type system [1] and the
Breaking soliton type system [2]. The (1+1)-dimensional
AKNS system can be obtained from the usual symme-
try constraint of the KP (Kadomtsev-Petviashvili) equa-
tion. Recently, we have obtained another type of (2+1)-
dimensional AKNS system:

ipt + pxx + pux = 0, (1)
−iqt + qxx + qux = 0, (2)

uy + pq = 0 (3)

from the inner parameter dependent symmetry con-
straints of the KP equation [3]. When we take y = x, the
system (1–3) is reduced to the usual (1+1)-dimensional
AKNS system. If q is selected as the complex conjugation,
then the system (1–3) can be considered as the asymmet-
ric part of the DS system.

One of the most powerful method to prove the integra-
bility of a model is the so-called Painlevé analysis devel-
oped by WTC (Weiss-Tabor-Canvela) [4]. Furthermore,
the Painlevé analysis can also be used to find some ex-
act solutions no matter whether the model is integrable
or not. If one needs only to prove the Painlevé property of
a model one may use the Kruskal’s simplification for the

a e-mail: sylou@mail.sjtu.edu.cn

WTC approach [5]. If one hopes to find some more infor-
mation from the model, one has to use the original WTC
approach or some extended forms [6–8]. In this paper, we
combine the standard WTC approach with the Kruskal’s
simplification to simplify the proof of the Painlevé inte-
grability and to obtain some exact solutions at the same
time. In Section 2 of this paper, we study the Painlevé
integrability of the (2+1)-dimensional AKNS system. In
Section 3, we use the truncated Painlevé expansion to ob-
tain a special type of solution of the model with some ar-
bitrary functions. In the last section, some special types of
localized solutions like the multi-solitoff solutions, multi-
dromion solutions and the multi-ring soliton solutions are
discussed.

2 Painlevé integrability
of the (2+1)-dimensional AKNS system

According to the standard WTC approach, if the (2+1)-
dimensional AKNS system is Painlevé integrable, then all
the possible solutions of the model can be written as

p =
∞∑
k=0

pkf
k+α, q =

∞∑
k=0

qkf
k+β , u =

∞∑
k=0

ukf
k+γ , (4)

with sufficient arbitrary functions among pk, qk, uk in
addition to f , where α, β and γ should all be the negative
integer. In other words, the solutions of the model are
single valued about an arbitrary singularity manifold.

To fix the constants α, β and γ, one use the standard
leading order analysis. By substituting p ∼ p0f

α, q ∼ q0fβ
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and u ∼ u0f
γ into (1–3) and comparing the leading order

terms for f ∼ 0, we get only one possible branch

α = β = γ = −1, (5)
u0 = 2fx, q0p0 = 2fxfy. (6)

Substituting (4) with (5) and (6) into (1–3) and van-
ishing all the coefficients of the powers fk, we can obtain
the recursion relations to determine the functions uk, pk,
and qk:
k(k − 3)f2

x 0 (k − 1)fxp0

0 k(k − 3)f2
x (k − 1)fxq0

q0 p0 (k − 1)fy



pk

qk

uk

 =


Pk

Qk

Uk

 , (7)

where

Pk = −i(pk−2,t + (k − 2)pk−1ft)− pk−2,xx

− 2(k − 2)pk−1,xfx − (k − 2)pk−1fxx

−
k−1∑
i=0

ui,xpk−i−1 −
k−1∑
i=0

(i− 1)fxuipk−i, (8)

Qk = i(qk−2,t + (k − 2)qk−1ft)− qk−2,xx

− 2(k − 2)qk−1,xfx − (k − 2)qk−1fxx

−
k−1∑
i=0

ui,xqk−i−1 −
k−1∑
i=1

(i− 1)fxuiqk−i, (9)

Uk = −uk−1,y −
k−1∑
i=1

piqk−i (10)

with pk = qk = uk = 0 for k < 0. From the matrix
equation (7), it is easy to know that if the determinant

∆ ≡ detA = (k + 1)k(k − 1)(k − 3)(k − 4)f4
xfy, (11)

of the coefficient matrix

A ≡


k(k − 3)f2

x 0 (k − 1)fxp0

0 k(k − 3)f2
x (k − 1)fxq0

q0 p0 (k − 1)fy

 , (12)

is not equal to zero, then the functions pk, qk and uk can
be obtained from (7) uniquely. When

k = −1, 0, 1, 3, 4, (13)

resonances occur. The resonance at k = −1 corresponds
to that the singularity manifold f being arbitrary. If the

model is Painlevé integrable, we require four resonance
conditions at k = 0, 1, 3, 4 which are satisfied identi-
cally such that the other four arbitrary functions among
pk, qk, uk can be introduced into the general series ex-
pansion (4). From the leading order analysis result (6) we
know that the resonance at k = 0 is satisfied identically
and one of p0 and q0 is arbitrary. For k = 1, we can obtain

p1 = − ip0ft + 2p0xfx − p0fxx
fxu0

, (14)

q1 =
iq0ft − 2q0xfx + q0fxx

fxu0
, (15)

and the resonance condition

2u0yf
2
x − (2q0xfx − q0fxx)p0

− (2p0xfx − p0fxx)q0 = 0. (16)

It is straightforward to see that the resonance condi-
tion (16) is satisfied identically because of (6). For k = 2,
(7) gives us

p2 =
1

6f2
xq0

(p0(iq0t − q1u0x − q0xx)

+ 2q0(ip0t + p0xx + p1u0x)
+ u0(fyu1x − p1q1fx − fxu1y)), (17)

q2 =
1

6f2
xp0

(−q0(ip0t + p1u0x + p0xx)

+ 2p0(−iq0t + q0xx + q1u0x)
+ u0(fyu1x − p1q1fx − fxu1y)), (18)

u2 =
1

6f2
xfy

((−2u1xp0 − ip0t − p0xx − u0xp1)q0

+ (−q0xx + iq0t − u0xq1)p0 − 2f2
xu1y − 2f2

xq1p1);

(19)

For k = 3, the component form of (7) reads

(2fxu3 + u2x)p0 + (fxx + u0x + ift)p2

+ (u1x + fxu2)p1 + 2p2xfx + ip1t + p1xx = 0, (20)

(2fxu3 + u2x)q0 + (fxx + u0x − ift)q2
+ (u1x + fxu2)q1 + 2q2xfx − iq1t + q1xx = 0, (21)

u2y + 2u3fy + q2p1 + q1p2 + q3p0 + q0p3 = 0. (22)

Now, to verify the remaining resonance conditions at k = 3
and k = 4, we use the Kruskal’s simplification, i.e.:

f = x+ ψ(y, t), pk = pk(y, t),
qk = qk(y, t), uk = uk(y, t). (23)

One can use this simplification without loss of the general-
ity to prove the Painlevé integrability, where ψ(y, t) is an



Sen-yue Lou et al.: Painlevé integrability and multi-dromion solutions 475

arbitrary function of {y, t}. Under the simplification (23),
the known results become

u0 = 2, q0p0 = 2ψy, p1 = −1
2
ip0ψt, q1 =

1
2
iq0ψt, (24)

p2 =
1

12ψy
(2iψyp0t − p0(2u1y + ψ2

tψy − 2iψty)), (25)

q2 = − 1
12ψy

(2iψyq0t + q0(2u1y + ψ2
tψy + 2iψty)), (26)

u2 =
1

6fy
(iq0tp0 − ip0tq0 − 2u1y − 2q1p1). (27)

Using (24–27), we can obtain

u3 = −1
4
ψtt (28)

from (20) while (21) becomes a resonance condition which
is really satisfied identically because of (24–27) and (28).
p3 and q3 are related by (22) which can be simplified to

−ψttψy − ψtyψt + 2u2y + 2q0p3 + 2q3p0 = 0 (29)

that means one of p3 and q3 is arbitrary. For k = 4, the
resonance condition reads

u3y + q3p1 + q1p3 + q2p2

+
1
4

(−u2q2 + iq2t + 2iq3ψt − 2u3q1)p0

+
1
4

(−u2p2 − ip2t − 2ip3ψt − 2u3p1)q0 = 0, (30)

while p4 and q4 are expressed as

p4 = −1
4

(3u4p0 + ip2t + 2ip3ψt + 2u3p1 + u2p2), (31)

q4 =
1
4

(iq2t − 3u4q0 + 2iq3ψt − 2u3q1 − u2q2) (32)

for arbitrary u4. After substituting (24–29), (31) and (32)
into (30) one can see that the resonance condition (30)
is also satisfied identically. Hence the (2+1)-dimensional
AKNS system (1–3) is Painlevé integrable.

3 General solution from the truncated
Painlevé expansion

It is known that the Painlevé analysis can also be used
to obtain other interesting properties [4]. In this paper,
we use the truncated Painlevé expansion to obtain some
interesting exact solutions. If we take

qk = pk = uk = 0, k ≥ 2, (33)

(4) with (5) becomes a truncated expansion

p =
p0

f
+ p1, q =

q0
f

+ q1, u =
u0

f
+ u1. (34)

Substituting (34) into (1–3) or substituting (33) directly
to (14–22), we know that {p1, q1, u1} is also a solution

of the (2+1)-dimensional AKNS system. In other words,
the truncated expansion (24) is really a Bäcklund trans-
formation. For simplicity later, we select the seed solution

p1 = 0, q1 = 0, u1 = g(x, t) ≡ g, (35)

where g is an arbitrary function of {x, t}. Under the spe-
cial selection of (35), all the remained equations to solve
the functions p0 and f are simplified to

fxy = 0, (36)
ip0t + p0xx + p0gx = 0, (37)
− 2fxp0x − iftp0 + fxxp0 = 0, (38)
− p0p0xy + p0yp0x = 0, (39)

with

q0 =
2fyfx
p0

, u0 = 2fx. (40)

If we fix g(x, t) as

g(x, t) = −
∫

(F1xx − F 2
1x)dx− iF0tx+ F3, (41)

then the only solution of (36–39) is

f = f1(x, t) + f2(y),
p0 = exp(F1(x) + F2(y) + F0(t)) (42)

where f2(y) ≡ f2, F1(x) ≡ F1, F2(y) ≡ F2, F0(t) ≡ F0

and F3(t) ≡ F3 are all arbitrary functions of the indicated
variables while f1(x, t) ≡ f1 is related to F1 by

2f1xF1x + if1t − f1xx = 0. (43)

Now it is interest to study the structure of the potential
pq. From (34, 35, 40) and (42), we have

pq =
2f2yf1x

(f1 + f2)2
· (44)

4 Special examples

Because of the arbitrariness of the functions F1 and f2, the
structure of pq shown by (44) is quite rich. Some special
examples are listed here:

4.1 Multi-solitoff solutions

If we take f1 as t independent then we can consider f1(x)
is arbitrary while F1 is determined by (43). Furthermore,
we can take

f2 =
N∑
i=1

bi exp(liy + y0i), f1 =
M∑
i=1

ci exp(kix+ x0i),

(45)
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Fig. 1. A solitoff solution driven by two perpendicular line solitons with the selection (46).

where x0i, y0i, bi, ci, ki and li are arbitrary constants and
M and N are arbitrary positive integers. Under the selec-
tion (45), we obtain the first type of the multiple straight
line solitons. Figure 1 shows a special structure of a two
static resonant straight line solitons for the quantity pq
with

f1 = 1 + exp(4x+ 1), f2 = exp(−y). (46)

From Figure 1, one can see that two straight line solitons
become only one half straight line soliton because of the
resonance effect. This type of half straight line soliton is
called solitoff solution in the literature [9]. In reference [9]
solitoff solutions obtained for other types of models like
the asymmetric Nizhnik-Novikov-Veselov (NNV) equation
and the (2+1)-dimensional dispersive long wave equation.
It seems that the solitoff solutions are also a quite general
phenomena in (2+1)-dimensional models.

4.2 Multi-dromion solutions

If we select the functions f1 and f2 themselves as some
kinds of multiple straight line solitons parallel to y and x
axes respectively, then (27) denotes some types of multiple
dromion solutions. For instance, if we take

f1 = C +
M∑
i=1

ai tanh(kix+ xi0), (47)

f2 =
N∑
i=1

bi tanh(Kiy + yi0), (48)

where Ki, ki, xi0, yi0, ai, bi and C >
∑M
i=1 |ai| +∑N

i=1 |bi| are all arbitrary constants, then the quantity
pq shown by (44) denotes an M × N dromion solution.
The M ×N dromions are located at the M ×N “lattice”

and the M ×N lattice points are just the cross points of
M+N “ghost” straight line solitons. Figure 2 shows a six
dromion solution (44) with

f1 = 3 +
1
2

tanh
(

3
2
x

)
+

1
2

tanh
(

2
3
x+

9
2

)
+

1
2

tanh(2x− 12), (49)

f2 =
1
2

tanh(y) +
1
2

tanh(2y − 10). (50)

The multiple dromion solutions have been found for
many other types of models [10,11]. For instance, the
dromion solution of the DS equation is found by Fokas and
Santini [10]. In reference [10], the dromion solutions are
constructed by the summations of the exponential func-
tions. The dromion functions may have quite rich struc-
tures because we can use summations of any types of lo-
calized functions as well as rapidly divergent functions for
f1 and f2 of (44).

4.3 Saddle-type multiple ring soliton solutions

In high dimensions, in addition to the point-like (soliton
solutions with one or more peaks), there may be some
other types of localized coherent solutions. In particular,
some different types of single ring (a closed curve) soli-
ton solutions have been found in some (2+1)-dimensions,
for example, the single plateau-type, basin-type and bowl-
type ring solitons [12] for the (2+1)-dimensional sine-
Gordon equation [13] and the single saddle-type of ring
soliton solutions for the NNV equation, ANNV equation
and the dispersive long wave equations [14].

From the general solution (44), we can see that the sad-
dle type of ring soliton solution also exists for the (2+1)-
dimensional AKNS system by selecting the arbitrary func-
tions appropriately. Figure 3 shows a two saddle type ring
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Fig. 2. A six dromion solution related to the selections (49) and (50).
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Fig. 3. A special two saddle type ring soliton solution (44) with (51) and (52).

soliton structure for the quantity pq shown by (44) with
the selection

f1 =
1
10

exp

(
−
(

4x
5

)2

+ 25

)

+ exp
(
−6

5
(x− 17

2
)2 + 25

)
, (51)

f2 =
1
10

exp(y2) + exp

((
y − 17

2

)2
)
· (52)

In summary, for the (2+1)-dimensional Painlevé inte-
grable AKNS system, a quite general solution with some

arbitrary functions of x, y and t respectively can be ob-
tained by using the truncated Painlevé expansion. By se-
lecting the arbitrary functions appropriately, we may ob-
tain many new types of multi-soliton solutions because of
the existence of some arbitrary functions. The multiple
localized excitation (44) may be solitoffs, dromions and
saddle type ring solitons etc, and there is still more in the
rich soliton structure in high dimensions worthy of study.
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